then Abel summability of the series Σ n = 0 a n to s implies its convergence to s.
The theorem is the more general the smaller p is; it does not hold for p -1 [2, Section 1; 1, pp.119, 122] . However, for this case Re'nyi proved the following theorem: it follows, in view of (2.4), that
In view of (2.3) our theorem will be proved if we show that
nπ+fe nn~"l using (2.2) and (2.5), we see that
as -π 0 and π and thus Theorem 1 is proved.
Re'nyi observed that the Theorems A and B are overlapping. We now show that Theorem 1 includes not only Theorem B,but also Theorem A. Clearly (2.1) follows from (1.1) by Holder's inequality. Furthermore,
It now follows from (2.6) that (2.2) holds; thus (1.1) implies (2.1) and (2.2), which proves our assertion.
An example of a sequence V n > 0, and increasing, for which (2.2) holds, while n~ι V n t oo, is 
then the Abel summability of Σ^= o a n implies its convergence to the same value.
An analogue to Theorem 1 is the theorem:
If now Σ n = 0 a n is Abel summable to s, then it converges to s.
Proof of Theorem 2. We have Using the same argument as in the proof of Theorem 1, replacing V n by U n , we find that (3.4) lim sup s n < s .
π -oo
We next employ the identity, similar to (2.3), follows from (4.1), (4.2), and (4.3). This proves Lemma 2.
We now prove the following theorem:
and if Σ^= o a n is Abel summable 9 then Σ^= o a n is convergent to the same value.
Proof of Theorem 3. In view of Lemma 2, Theorem 3 includes Theorem 2; it also includes Theorem 1, because of Lemma 2, and of the inequality
Conversely, by Lemma 2, (4.5) implies (3.2) and (3.3), so that Theorem 3 is equivalent to Theorem 2, and is thus valid.
To show that Theorem 1 is actually more general than Theorem B we give an example of a sequence ω n so that nω n is increasing, ω n is slowly oscillating and ω n -0(1), but lim ω n does not exist. Let 5 Another equivalent result. We first establish the following lemma. LEMMA 3. Suppose that U n > 0 and increasing, with UQ -0, and let
B n = 2 6 V> π > 0 .
Then whenever k -A (τz) is so chosen that k/n-*0, as n >0°, the two statements
Proof. From (5.1) we have n n+k A generalization of this theorem to Dirichlet series and to Laplace integrals, on different lines, is given in [3] .
